We discuss the Schwarzschild solution in the Dvali-Gabadadze-Porrati (DGP) model. We obtain two different perturbative expansions which are valid in two distinct domains, respectively, separated by a critical radius. We show that this critical radius can be determined by the lowestorder contributions to the two perturbative expansions. At large distances, the solution is the standard solution of the linearized Einstein equations obtained by DGP. At distances below the critical radius on the brane, the perturbative expansion yields the four-dimensional Schwarzschild solution. This is similar to the Vainshtein solution in massive gravity demonstrating the absence of the van Dam-Veltman-Zakharov (vDVZ) discontinuity.
Introduction
Extra dimensions have been successful in explaining the weakness of gravity [1] [2] [3] [4] [5] . They modify Newton's Law by introducing Kaluza-Klein modes. In the case where the extra volume is infinite, light Kaluza-Klein modes dominate even at low energies [6] [7] [8] , leading to a modification of Newton's Law at astronomically large distances [9] [10] [11] [12] [13] [14] [15] [16] [17] . However, this may be avoided in the case of more than one extra dimension [7] . Problems arise when the brane is given a finite thickness in the transverse directions [18] [19] [20] obscuring the zero-thickness limit.
The case of a four-dimensional brane living in a five-dimensional space of vanishing cosmological constant (Dvali-Gabadadze-Porrati (DGP) model [6] ) appears to be plagued by the van Dam-Veltman-Zakharov (vDVZ) discontinuity [21, 22] and has recently attracted some attention [23] [24] [25] [26] . This is similar to four-dimensional massive gravity where one does not obtain agreement with Einstein's General Theory of Relativity in the limit of vanishing mass of the graviton. Vainshtein [27] provided a solution to the apparent discontinuity in the case of a point source by suggesting that the discrepancy arises from the linear approximation to the full field equations which has a limited range of validity. Below a certain critical radius, one had to perform a different perturbative expansion. This second solution reduced to the Schwarzschild solution in the zero graviton mass limit demonstrating the absence of the vDVZ discontinuity in this spherically symmetric case.
Applying a similar procedure to the DGP model is not straightforward, because the non-linear field equations are too complicated to solve even in the spherically symmetric case of a point source. A solution was found in the case of a uniform source (cosmological solution) [23] . It was subsequently argued in [26] that the discontinuity can be avoided by bending the brane through a coordinate transformation. This bending can be large even if the matter sources are weak. Here we solve the DGP field equations in the case of a point source perturbatively. Sufficiently far away from the source, the solution is the standard perturbative expansion based on the solution to the linearized field equations [6] . Below a critical radius, we derive a different perturbative expansion which leads to the four-dimensional Schwarzschild solution in the decoupling limit demonstrating the absence of the vDVZ discontinuity in the DGP model in the case of a point source.
Massive Gravity
We start by reviewing the salient features of the vDVZ discontinuity in massive gravity. The Pauli-Fierz action [28] for a graviton of mass m g in four spacetime dimensions
leads to a set of linearized field equations with the solution for the metric perturbations given bỹ
where 1/(8πM 2 ) is Newton's constant. This should be compared with the solution to the linearized Einstein equations in the harmonic gauge,
The phenomenological differences of the massive (2) and the massless (3) cases are usually summarized by quoting the discrepancy in the prediction for the bending of light by the Sun. To see how this conflict emerges, note that the stress-energy tensor for light is traceless (T µ µ = 0), therefore the two expressions for the graviton agree as m g → 0, provided we set the coupling constants (M) equal to each other in the two cases. However, this demand leads to a disagreement in the prediction of the strength of the gravitational force (Newton's Law). Indeed, if we couple the graviton to a conserved stress-energy tensor T ′µν , we obtain from (2) and (3), respectively,
If both stress-energy tensors represent static point sources of masses m, m ′ = 1, respectively, by taking Fourier transforms, we obtain the gravitational potentials
which disagree with each other even in the limit m g → 0 by a factor of 4/3. We can make them agree with each other if we demand that M 2 in the massive case be 4/3 of M 2 in the massless case, but then the two results would disagree in their predictions on the bending of light by the Sun. Hence the discontinuity as m g → 0 seems to have inescapable physical consequences.
It was pointed out by Vainshtein [27] that the solution of the linearized field equations [21, 22] has a limited domain of validity. For the Schwarzschild solution, eq. (6) is valid in the regime
where r m = 2 m 8πM 2 is the Schwarzschild radius. Notice that r c → ∞ in the massless graviton limit (m g → 0). This is easily deduced from the full non-linear field equations of the Pauli-Fierz action (1) in the presence of a point source
To see this, consider the metric
The coordinate transformation
eliminates the function µ in the massless case, however, when m g = 0 the function µ remains.
We obtain three field equations in terms of the metric fields ν, λ, µ,
In the linear approximation, eqs. (11) become, respectively,
whose solution is
Higher-order corrections are readily obtained by going to second-order in perturbation theory.
In the regime r c r 1/m g , we find [27] 
It follows from eq. (7) that the corrections are o(r m ), as expected. The Newtonian potential deduced from (14) is in agreement with our earlier expression for the massive Newtonian potential (6), as expected, since eq. (14) is a special case of (2) . Notice also that to lowest order, Setting m g = 0 in the linearized set (12), we obtain a set of three incompatible field equations.
For a consistent system, we ought to keep quadratic terms in the field µ in the lowest-order approximation to the field equations (11) . This is the lowest order at which µ enters the field equations when m g = 0. In other words, we assume that λ, ν start at first order (o(r m )), whereas µ starts at order half (o( √ r m )). Under these assumptions, the lowest-order approximation to the field equations becomes λ
Notice that all fields now have a well-defined limit as m g → 0, by design. The corrections may be deduced by considering the next order in perturbation theory. They may also be obtained by dimensional analysis if one observes that corrections must be o(m 2 g ) and from (7)
which has a smooth limit as m g → 0. It coincides with the Schwarzschild solution for a massless graviton (we have ν < = −λ < to lowest order, in contrast with the other solution (14) where
Therefore, there is no discontinuity for massive gravity when the correct expansion for a physical quantity is performed.
Before turning to the DGP model, we should point out that in order to find the range of validity of the two perturbative expansions (14) and (17), it is not necessary to calculate higher-order corrections of the non-linear field equations (11) . The critical radius r c (eq. (7)) is determined by
Which perturbative expansion is valid, (14) for r r c or (17) for r r c , is then determined by whether µ > µ < or µ < µ > , respectively.
Next, we turn to the DGP model [6] which shares a lot of common features with massive gravity. The DGP field equations are considerably more complicated. Nevertheless, we are able to derive two different solutions in the case of a point souce using perturbation theory. The two perturbative expansions are valid above and below a certain critical distance, as in massive gravity discussed above.
DGP Model
The DGP model [6] describes a 3-brane on the boundary of a five-dimensional bulk space Σ. The action is
where R (5) (R (4) ) is the five-(four-)dimensional Ricci Scalar. The solution to the linearized equations bares a striking resemblence to the vDVZ solution of massive gravity (2) and shares the apparent discontinuity in the decoupling limit (M → 0). Porrati [26] argued that this solution is only valid in a limited domain, as was the vDVZ solution of massive gravity, and breaks down in the regime r r c , r c = mM
when a spherically-symmetric source of mass m is considered.
To find the solution which is expected to be valid at large radii (r r c ), we linearize the field equations. The first-order Einstein equations are as follows. The transverse components give
where capital letters run over the five dimensions of the bulk. The mixed components give
where greek indices label the four-dimensional brane worldvolume. Both eqs. (21) and (22) are in the bulk. The brane worldvolume components imply
in the bulk, and
on the boundary, where we have chosen a matter source described by the stress-energy tensor T µν localized on the hypersurface y = 0 and whose transverse components vanish (T yy = T µy = 0).
To solve the field equations, we shall choose the harmonic gauge:
The solution to the field equations (21), (22), (23) and (24) is [6, 26] h αβ (p, y) = 1
h yy =h (27) where
For the Schwarzschild solution, with a source
it is convenient to put the metric in a form which is diagonal in the brane components,
by performing a coordinate transformation,
where [26] ω
To lowest order in perturbation theory, we obtaiñ
which reproduces the potential of massive gravity (eq. (6)) in the limit p ≫ m b , and
We may also transform D away by the coordinate transformation
The above coordinate transformations (30) and (34) generate an off-diagonal term in the metric (29) which is a pure gradient,
whose fourier transform in the regime p ≫ m b is
It should be noted that the coordinate transformation (34) bends the brane in the transverse direction. It differs slightly from the one considered by Porrati [26] because it is designed to eliminate the metric field D to lowest order rather than the off-diagonal field φ in (29).
Having eliminated D, the only remaining singular field in the decoupling limit m b → 0 is φ.
For r c r 1/m b , we obtain the solution
The corrections are o(r To obtain a solution which is valid in the regime r m r r c , we shall first expand in M and then linearize the resulting Einstein equations. To arrive at a set of compatible field equations, it will be necessary to assume that B, C, D are of first-order (o(m)) whereas φ is of half order
. This is similar to massive gravity [27] , where one had to assume that the field µ was of half order in order to obtain the consistent set (15) .
The yy component of the Einstein field equations yields in the bulk
The mixed components in the bulk become
They are satisfied if we choose φ and B + 2C to be independent of y. Notice that in the DGP solution discussed above, we obtained B + 2C = 0 (eq. (37)). This conclusion is avoided in this case thanks to the quadratic term in φ in eq. (39).
The spatial brane worldvolume components of the Einstein equations are
in the bulk and
on the boundary (y = 0). Thus, the relation between B and C on the brane is in agreement with the four-dimensional Schwarzschild solution. It remains to be seen whether the full system of field equations is consistent.
Finally, the tt component of the Einstein equations is
on the boundary.
These equations become linear equations if we introduce the field
where prime denotes differentiation with respect to r, the distance from the point source.
The bulk eqs. (38), (40) and (42), respectively read
Notice that this is an inconsistent system of equations if Ψ = 0, i.e., if the off-diagonal field φ does not contribute at lowest order. After some algebra, we obtain the solutioñ
At y = 0, we recover the standard Schwarzschild solution and therefore agreement with the standard Newtonian potential of massless gravity (eq. (6)). All fields are now non-singular in the decoupling limit M → 0, since, by design, they are expansions in M 3 . Corrections to the lowest-order solution (48) and (49) are o(r
by eq. (20) . Thus, in the regime r m r r c , we obtain
Having obtained the two different lowest-order solutions (eqs. (37) and (50)), we may deduce the value of the critical radius r c , which divides the respective regimes of the two perturbative expansions, by setting
Near the brane, this gives the critical radius r c (20) in agreement with the result of ref. [26] . As we move away from the brane in the transverse direction, the critical radius decreases. Which perturbative expansion is valid, (37) for r r c or (50) for r r c , is determined by whether φ < φ > or φ > φ < , respectively.
Conclusion
We discussed the Schwarzschild solution in the Dvali-Gabadadze-Porrati (DGP) model. We derived two different perturbative expansions, (37) and (50), which were valid in two distinct domains, r r c and r r c , respectively. We showed that the critical radius r c [26] can be determined by the lowest-order contributions to the two perturbative expansions using the criterion (51). At distances below the critical radius, the perturbative expansion (50) yields the four-dimensional Schwarzschild solution on the brane, demonstrating the absence of the van
Dam-Veltman-Zakharov (vDVZ) discontinuity [21, 22] . This is similar to the Vainshtein solution in massive gravity [27] where two distinct expansions are found (eqs. (14) and (17)) separated by a crossover scale (7) . The latter may be obtained by a simple criterion (18) using the lowest-order contributions to the two perturbative expansions.
